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Abstract 

Classical radiation equilibrium (the blackbody problem) is investigated by the use of an analogy. 
Scaling symmetries are noted for systems of classical charged particles moving in circular orbits 
in central potentials V{r) = —k/r'^ when the particles are held in uniform circular motion against 
radiative collapse by a circularly polarized incident plane wave. Only in the case of a Coulomb 
potential n = 1 with fixed charge e is there a unique scale-invariant spectrum of radiation versus 
frequency (analogous to zero-point radiation) obtained from the stable scattering arrangement. 
These results suggest that non-electromagnetic potentials are not appropriate for discussions of 
classical radiation equilibrium. 
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I. INTRODUCTION 



The blackbody problem within classical physics has never been solved. Solution requires 
accurate calculations determining the spectra of random classical radiation which are in 
steady-state equilibrium with various classical mechanical scattering systems. Calculations 
for a few scattering potentials have been performed. Scattering calculations involving the 
dipole approximation for particles of very small charge in a harmonic potential [1] or in some 
nonlinear potentials have been carried out.[2|[^ Although the harmonic potential gives 
no condition on the radiation spectrum other than spatial isotropy, the other potentials 
suggest that the Ray leigh- Jeans spectrum is the only radiation spectrum giving equilibrium 
between radiation and matter in classical physics. Also, a class of potentials has been 
treated when the scattering particle's linear momentum takes the relativistic form,j4| and 
again the conclusion was that equilibrium required the Ray leigh- Jeans spectrum. 

It has been suggested for more than thirty years [s] that understanding of classical radia- 
tion equilibrium may require the use of relativistic scattering systems, specifically particles 
in Coulomb potentials. More recently it has been noted that the unique value e of elec- 
tronic charge may also play a crucial role in classical radiation equilibrium. ^ In the last 
two decades, these suggestions have been been greeted with overwhelming rejection by the 
referees at the leading physics journals. One referee declared that these suggestions are 
merely desperate searches for "loopholes" to avoid the obvious conclusion that classical 
physics is associated with the Rayleigh- Jeans spectrum. Other referees have suggested that 
such ideas are so far from currently accepted physics that they were unpublishable unless a 
complete solution of the classical blackbody problem (and indeed of all atomic physics) was 
presented. 

Nevertheless the fact remains that there has never been a classical scattering calcula- 
tion involving the Coulomb potential, which is the only classical potential which has been 
extended to a fully relativistic system. Now the Coulomb potential is special not only 
because of its connections to relativistic physics but also because of its scaling symmetry 
properties. Since most physicists seem unable to take seriously the need for relativistic 
scattering systems for blackbody radiation equilibrium, perhaps scaling symmetry (which 
is easy to analyze) may afford an easier glimpse into the problems of classical radiation 
equilibrium. A scaling analysis of scattering is what we carry out in this article. We 
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carry out precise calculations for a model scattering situation and note the scale invariance 
and universal character of the radiation spectrum associated with scattering involving the 
Coulomb potential and only the Coulomb potential. We believe the results indicate the 
serious nature of the remaining "loophole" in the classical blackbody problem. 



II. CLASSICAL ELECTROMAGNETIC ZERO-POINT RADIATION 

In this article we carry out a model scattering calculation which represents a crude ana- 
logue to treating zero-temperature thermal radiation, classical electromagnetic zero-point 
radiation. Now apparently many physicists are still unaware of the concept of classical 
zero-point radiation, and indeed some referees at the leading physics journals regularly re- 
ject the possibility of classical electromagnetic zero-point radiation. However, classical 
zero-point radiation is an intrinsic part of classical electromagnetism which enters the the- 
ory as the homogeneous boundary condition on Maxwell's equations. [l| It is required in 
order to give a classical electromagnetic description of the experimentally observed van der 
Waals forces (Casimir forces) between macroscopic objects at zero temperature, Fur- 
thermore, classical electromagnetic zero-point radiation in connection with electric dipole 
harmonic oscillator systems provides a classical description of a number of phenomena which 
are usually regarded as having only a quantum description, such as van der Waals forces, [ll 
diamagnetism,[3] and thermal effects of acceleration through the vacuum. 8] A reader of 
this manuscript who can not conceive of classical electromagnetic zero-point radiation may 
find it hard to follow the logic of our model calculation. The decision to restrict our analogy 
to zero-temperature was made so as to simplify the analysis as much as possible and thereby 
hopefully make it transparent to readers. 

Classical zero-point radiation is the random classical radiation which is present at the 
absolute zero of temperature. In order to fit the experimentally observed Casimir forces (as 
calculated numerous times 9| under various conditions within classical electrodynamics), it 
must take the form 

= b^pU (1) 

where E^^ is the average energy per normal mode of angular frequency u, and b^p is a 
constant. For numerical agreement with the observed Casimir forces, the constant bzp must 
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take the value 

b,p = 5.27 X 10"^^ erg-sec (2) 

which is a famihar number. [lo| The spectrum of zero-point radiation is (up to a mul- 
tiphcative constant) the unique spectrum of random classical radiation which is Lorentz 



invariant 



ll| and the unique spectrum which is scale invariant 121] under the cTHE-i-scaling 



allowed by electromagnetism. 13|] Since each normal mode of the electromagnetic field at 
(angular) frequency u takes the form of a harmonic oscillator[14] at frequency u and can be 
describable in terms of action- angle variables, it follows from Eq. (1) and E = J^uj that 
the average value of the action variable (associated with each normal mode of frequency 
uj) takes the same constant value hzp independent of uj. 

Since classical electromagnetic radiation in an enclosure can not bring itself to equilib- 
rium, the interaction of radiation with scattering systems represents the crucial element in 
determining the equilibrium spectrum. Thermal radiation equilibrium involves steady-state 
behavior for both the scatterer and the radiation. The motion of the charged particles in 
matter and the random radiation must fit together so that, on average, there is no change 
in the particle energy and no change in the spectrum of the random radiation. Presumably 
there is some aspect encoded within the scatterers which produces the universal character 
found for thermal radiation. In this article we investigate the scattering of radiation by 
charged particles in a crude model and find that the Coulomb potential possesses scaling 
aspects which allow an associated universal radiation spectrum. 

III. THE MODEL CALCULATION 

In our simplified model, we consider a single charged particle of mass m and charge e 
undergoing uniform circular motion with speed f = cur in a central potential V (r) = —k/r^, 
the motion satisfying Newton's second law 

my — = n — — (3) 

where 7 = (1 — f^/c^)~^/^. The orbital angular momentum of the particle is given by 

J = rrwyv (4) 
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Now if the particle undergoing uniform circular motion has charge e, then it will radiate 
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energy into the electromagnetic field at the rate 

p = (5) 

In order to balance the energy loss to emitted electromagnetic radiation, we imagine a circu- 
larly polarized plane wave of angular frequency uo propagating along the axis perpendicular 
to the orbital motion. (We may picture the particle's motion as constrained by two fric- 
tionless plane sheets so that it remains in a fixed orbital plane despite the magnetic force 
due to the plane wave, or else we can consider two counter-propagating plane waves so as 
to eliminate the magnetic field in the orbital plane.) The amplitude £q of the electric field 
of the plane wave is taken as the smallest possible value such that the incident wave will 
provide the energy loss given in Eq. (5). Thus we require 



P = —uj^l^r^ = e£,v (6) 



^0 = (7) 
with an associated radiation energy density u for the incident plane wave 



In this fashion we make an association between a particle motion and and an electromagnetic 
field corresponding to a steady-state coherent (in contrast to random) radiation scattering 
situation. This association can be regarded as an analogue of the association between the 
average particle motion and the electromagnetic spectrum which holds in classical thermal 
radiation equilibrium. Since both scattering situations involve the known classical electro- 
magnetic interaction between charged particles and electromagnetic waves, we expect that 
exploring one situation may give us insights into the other. 



IV. i-SCALING SYMMETRY FOR CLASSICAL ELECTROMAGNETISM 

We say that a system is a-scale invariant or has a-scaling symmetry if the system is 
mapped onto itself under a dilatation which multiplies appropriate quantities in the system 
by a factor of a. Although the set of all classical mechanical systems allows independent 
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scalings of length ai, time at, and energy aE, classical electromagnetism allows only one 
CitB-i-scaling symmetry which connects together the scalings of length, time and energy, 
The scaling coupling of length and time is required by the appearance of a fundamental 
velocity c for electromagnetic radiation, and the coupling of energy and length is required 
by the appearance of a smallest elementary charge e in nature. Under a/f£;-i-scaling, 
lengths are scaled as / ^ /' = auE-'^h times are scaled as t — > t' = auE-'^t, and energies 
are scaled as E ^ E' = E/auE-^- It follows that all speeds are cr/t£;-i-scale invariant since 
V = l/t ^ v' = {cfitE-^l) / {.o-RE-'^'t) = l/t = V. Electric charge q is auE-i-scaXe invariant since 
the potential energy E between two point charges q a distance r apart behaves as q^ = Er 
g'2 = E'r' = {E /(JnE-^){critE-'^r) = q^ . Orbital angular momentum J is dit^-i-scale invariant 
since J = rm'-fv ^ J' = r'm''~f'v' = {aitE-^^){'n^/ (^ue-^)!'^ = rm'-fv = J . Electromagnetic 
fields £ and B scale under cr;tE-i-scaling as £ = e/r^ ^ £' = e/r'^ = e/ {anE-^f)'^ = ^ I^ue-^- 
Mass m is related to energy mc^ and so scales as an energy m ^ m! = mjonE-^- 



V. (7iti5-i-SCALING SYMMETRIES FOR THE MODEL SCATTERING SYSTEMS 

We are now in a position to note the scaling symmetries for the model scattering systems 
described above. Under (Tit£;-i-scaling symmetry, a potential energy function Vir) = —k/r"' 
is mapped to a new potential energy function V{r) V'{r') = V{r)/aitE-^ = —k'/{r'Y = 
-k' / {(JitE-^rY = -a-^_,k'/r'' = -{a-^_,k' /k)k/r'', or V{r) = -{al-^i,k'/k)k/r''. Form 
invariance requires that 

k' = a--i,k (9) 

Thus the potential energy function retains its form under a ajf^'-i-scaling transformation 
if and only if the constant k appearing in the potential energy is also transformed to k' = 
<y^^-ik. Thus there is exactly one potential energy function which is cr;f£;-i-scale invariant 
k' = k, and that is the potential energy function where n = 1, namely the Coulomb potential 
V{r) = ~k/r. If we write the potential function in terms of elementary charges of magnitude 
e, this is V{r) = —e^ jr. 

The (T;(£;-i-scale invariance associated with the Coulomb potential reappears in the equa- 
tion for the orbital speed of the particle. Thus combining equations (3) and (4) for a general 
potential V(r) = — A;/r", we can eliminate the orbital radius r so as to obtain an equation 
connecting the orbital speed v and the orbital angular momentum J in terms of the particle 
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mass m and the potential parameter k 

^ !^rn^-^ (10) 

The Coulomb potential with n = 1 is very special because in this case (and only in this 
case) the particle mass m disappears from Eq. (10) for the orbital speed giving 

This last equation is clearly u^tE-i-scale invariant since v, e, and J are all invariant. 

This matter of aitE-^scale invariance reappears in the scattering spectrum given by Eqs. 
(7) and (8) and gives a universal character to the spectrum. The electric field Sq appearing 
in Eq. (7) can be regarded as a function of the angular frequency uj of the wave (which 
exactly matches the angular frequency of the orbital motion of the mass m in the potential 
V{r)) and of the orbital particle speed v. For the Coulomb potential (and only for the 
Coulomb potential), the orbital speed v as given in Eq. (11) is independent of the particle 
mass m. Thus the equations Eq. (7) and (8) for the electric field and the electromagnetic 
energy density become 

(12) 



and 

o2 /„2\ 2 



JcJ 



(13) 



We notice that the radiation spectrum given by Eqs. (7) and (8) makes no reference what- 
soever to the orbital motion of any charged particle m other than through the angular 
momentum J. The spectrum associates an electric field Sq and corresponding electromag- 
netic energy density u with a given frequency cu and with fundamental constants e and c 
provided that the value of any orbital angular momentum J is chosen as a constant, perhaps 
chosen as the same constant as appeared above in Eq. (2). Thus we have arrived at a uni- 
versal spectrum of just the sort which we would want to associate with thermal radiation at 
zero temperature, classical electromagnetic zero-point radiation. We also emphasize that 
the constant k — can not be allowed to change continuously or the universal character of 
the spectrum will be lost. 

Under UHE-i-scale transformation, the spectrum given in Eqs. (7) and (8) is invariant. 
The electric field transforms as Sq ^ £q — Sg/af^^^i while the energy per unit volume 
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transforms as u ^ u' — u/af^^^i] these transformation forms are matched by the powers of 
cu appearing on the right-hand sides of the equations while all the remaining parameters are 
C;tE-i-scale invariant. 

Perhaps it is helpful to characterize the uniqueness of the scattering spectrum (7) in the 
Coulomb case in a different way. If one rescales units according to cr;t£;-i-scaling, the value of 
k appearing in the potential energy function V{r) — —k/r'^ changes with the units for every 
case except n — 1. Thus it is natural to regard /c as a parameter available for an adiabatic 
change in mechanics, except for the Coulomb potential function where the parameter — k 
is u/tE-i -scale invariant and can be chosen as fixed. The angular momentum J of a particle 
in orbit in the potential V{r) is an action variable and so is an adiabatic invariant which 
does not change with an adiabatic change of the parameter k. Thus for a general value of 
n, the different values of k for fixed mass m will involve different frequencies uj and different 
scattering electric fields Eq. This generates a spectrum connecting electric field strength Eq 
and frequency uj for each fixed value of mass m. However, in general, different values of mass 
m will generate different spectral connections between Eq and uj. Now we remember that 
thermal radiation equilibrium involves a unique equilibrium spectrum which is independent 
of the mass m of the charged particle which is scattering the radiation. In our crude 
analogue to thermal radiation scattering, we have found that the Coulomb potential energy 
function with unique charge e is associated with a unique spectrum connecting Eq and uj 
independent of the mass m of the orbiting particle. Moreover, the Coulomb scattering 
potential is the only potential energy function of the form V{r) — —k/r'^ which gives such 
a unique spectrum. 



VI. SCALING SYMMETRIES FOR SCATTERERS OF CLASSICAL ZERO- 
POINT RADIATION 

The (T;tE-i -scaling symmetries which we have noted above for our model scattering cal- 
culation reappear in the scattering of random radiation at zero-temperature corresponding 
to classical electromagnetic zero-point radiation. The zero-point radiation spectrum is 
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(T;tE-i-scale invariant. Thus the two-field correlation function is given byjl^ 

2h r 

where F^p[x) is the electromagnetic field tensor, g^'^ is the metric for Minkowski spacetime, 
X and y are spacetime displacements, and b^p is the constant appearing in Eq. (2) which 
has the units of angular momentum. Under a auE-^scale transformation, the correlation 
function is invariant |l3.;] since the the four inverse powers of cr/f£;-i associated with the two 
factors of electromagnetic field on the left-hand side are matched by the four inverse powers 
of space or time on the right-hand side. 

The scattering equations for a particle of charge e in a Coulomb potential function V{r) = 
— e^/r can be given in manifestly Lorentz-covariant form. The particle motion follows the 
relativistic form of Newton's second law including radiation reaction (which is usually known 



as the Lorentz-Dirac equation) 
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" ""^-'^ + 3 ^ ^ ) ^ ^^^^ ^ ^ 

where F^^^^ gives the electromagnetic fields of the Coulomb potential, the term involving 
2e^/ (3c^) gives the radiation damping, and F^^'vs, the random zero-point radiation with the 
correlation function given in Eq. (14). The scattered electromagnetic fields can be written 
in terms of the potentials as F^^ = d'^A" — d'^A^, where the potentials satisfy the wave 
equation with source given by the scattering charged particle 

□M^ = ^J'' (16) 

with solution 

A^ix) = A'"^(x) + d^x'D{x - x')J^ (17) 

where A^^^ is the vector potential for the incoming zero-point radiation F^^ = Q^A^^^ — 
guj^tnti^ while D{x — x') = 2c6{x^ — x'^)6[{x — x')^] is the retarded Green function for 
the scalar wave equation, and J'^ is the current density for the scattering charged particle 
J^(x) = dT{dx'^/dT)6'^[x — Xe(r)]. 

Since under a scaling transformation, the mass m transforms inversely with (Jue-'^i while 
x'^ and r transform directly with auE-'^, it follows that every term in Eq. (15) scales as c"^7e-i 
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and hence that the equation is cr;j£;-i-scale invariant provided the mass is transformed. The 
wave equation (16) involves three inverse powers of aitE-^ on each side and hence is auE-^- 
scale invariant. Similarly, every term in Eq. (17) scales as ct^^b-i hence that equation 
is also crH£;-i-scale invariant. Since the scattering equations are scale invariant provided the 
mass m is transformed, we expect that the a/f£;-i-scale invariance of the incoming zero-point 
radiation will be preserved for the Coulomb potential, just as the spectrum in our model 
calculation is cr^tE-i-scale invariant independent of particle mass m. However, there has been 
no complete calculation showing the invariance of zero-point radiation under scattering by 
a charged particle in a Coulomb potential. 

In the physics literature, all of the scattering calculations for random classical radiation 
involve potentials other than the Coulomb potential. In the inertial frame where the radial 
force on the orbiting particle takes the form F = nk/r'"-^^, the particle equation of motion 
corresponding to Eq. (15) for a general potential function will not be cr/j£;-i-scale invariant 
since invariance in form requires that the constant k be transformed with 1 — n factors of 
che-^, as in Eq. (9). Since for a general potential function the equations describing the 
radiation scattering are not cr^^;-! -scale invariance, it should come as no surprise that the 
(T;t£;-i -scale invariance of the income zero-point radiation is not preserved, just as it is not 
preserved in our model calculation if n ^ 1. Rather, the Rayleigh- Jeans spectrum, which is 
not aitE-i-S'Cale invariant, seems to be the spectrum which is invariant for (at least dipole) 
scattering by more general classical potentials. 

It is also worth noting that zero-point radiation is the unique spectrum of random radi- 
ation which is Lorentz invariant. HI] Equation (14) gives the manifestly Lorentz covariant 
two-point correlation function for classical electromagnetic zero-point radiation. In Eqs. 
(15)-(17) we have given the manifestly Lorentz-covariant form for the scattering equations. 
We suggest again that the Lorentz-invariant character of zero-point radiation is likely to be 
preserved by such a scattering system. On the other hand, a general mechanical scatterer 
breaks the Lorentz-invariance of the scattering equations. It does not seem surprising that 
the Lorentz-invariant zero-point spectrum is transformed toward a non-Lorentz-invariant 
form by scattering systems which are not Lorentz invariant. 
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VII. CONCLUSION 



In this article we have carried out a specific model calculation for the coherent electro- 
magnetic radiation spectrum of minimum intensity which will hold a charged particle in a 
circular orbit in a potential function V{r) — —k/r^. We find that the radiation spectrum 
is (TH£;-i-scale invariant and independent of the particle mass for a fixed value of angular 
momentum only in the case where the Coulomb potential with fixed charge provides the 
basic mechanical behavior for the orbit. We have noted the cr^B-i-scale invariance of the 
electromagnetic radiation and the scattering equations for electromagnetic radiation when 
the Coulomb potential is used. We believe that our arguments strongly suggest that the 
Coulomb potential may provide an electromagnetic scatterer which leaves invariant the zero- 
point radiation spectrum. Rather than being merely a "loophole" in the problem of classical 
radiation equilibrium, this calculation is the fundamental classical calculation which needs 
to be performed. 

However, nonrelativistic quantum physics apparently has such a complete hold on the 
minds of many physicists, that they reject the possibility that some classical calculations 
still need to be done to clarify the distinctions between classical and quantum phenomena. 
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